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Abstract 

In this paper we give concrete estimations for the pseudo symplectic capacities of toric 
manifolds in combinatorial data. Some examples are given to show that our estimates can 
compute their pseudo symplectic capacities. As applications we also estimate the symplectic 
capacities of the polygon spaces. Other related results are impacts of symplectic blow-up on 
symplectic capacities, symplectic packings in symplectic toric manifolds, the Seshadri constant 
of an ample line bundle on toric manifolds, and symplectic capacities of symplectic manifolds 
with S^-action. 

1 Introduction and main results 

The symplectic capacities are the important tools of study of symplectic topology. There 
are several symplectic capacities. The typical two of them are the Gromov symplectic width 
Wg and Hofcr-Zchndcr capacity chz (cf. [Gr] and [HZ]). However, for a general symplectic 
manifold (M, u>) it is very difficult to compute or estimate Wg(M, u) and Chz {M,lu)\ see [Gin] , 
[Lu3] and reference therein for the related results. It is well-known that the toric manifolds 
are a very beautiful family of Kahler manifolds admitting a combinatorial description. They 
also are rational and thus uniruled. So their pseudo symplectic capacities all are finite (cf. 
[Lu3] ) . The main aim of this paper is to estimate their (pseudo) symplectic capacities in terms 
of combinatorial data. Part results were announced in [Lu2] though they should be restricted 
to toric Fano manifolds as showed below. 

Firstly, we briefly recall the typical pseudo symplectic capacity introduced in [Lu3] . For its 
properties and applications the reader refer to [Lu3]. Given a connected symplectic manifold 
(M, u) of dimension 2n and a smooth function H on it let Xh denote the symplectic gradient 
of H. An isolated critical point p of H is called admissible if the spectrum of the linear 
transformation DXh(p) ■ T P M — > T P M is contained in C \ {Ai | 2tt < ±A < +oo}. For two 
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given nonzero homology classes a , G H*(M) we denote by 



W a< j(M,w;a ,o;oo) (resp. H ad (M 7 iv; a , a^) ) 



the set of all smooth functions on M for which there exist two smooth compact submanifolds 
P and Q of M with connected smooth boundaries and of codimcnsion zero such that the 
following condition groups (a)(b)(c)(d)(e)(f) (resp. (a)(b)(c)(d)(e)(/')) are satisfied: 

(a) P C Int(Q) and Q C Int(M); 

(b) H\ P = and H\ M _ Int{Q) = maxi?; 

(c) < H < maxi?; 

(d) There exist chain representatives of a and a^, still denoted by ao,aoo, such that 

supp(ao) C Int(P) and supp(a oc ) a M \ Q; 

(e) There are no critical values in (0, e) U (max — e, max if) for a small e = s(H) > 0; 

(f) The Hamiltonian system x = Xh{x) on M has no nonconstant periodic solutions of period 

less than 1; 

(f') The Hamiltonian system x = Xh{x) on M has no nonconstant contractible periodic 
solutions of period less than 1. 

If ao G H (M) can be represented by a point we allow P to be an empty set. If M is a closed 
manifold and cnoo G Hq(M) is represented by a point, we also allow Q = M. 
The pseudo symplcctic capacities of Hofer-Zehnder type are defined by 



Denote by pt the generator of Hq(M) represented by a point. Then we have symplectic 
invariants 



It had been proved in [Lu3] that Chz is a symplectic capacity and that Wg < Crz < chz- 
In fact, in Lemma 1.4 of the recent [Lu3, v9] we proved that Chz{M,uj) — chz(M,uj) and 
Ch Z (M,oj) = c° HZ (M 1 ijj) if cither M is closed or each compact subset K C M\ dM may be 
contained in a compact submanifold W C M with connected boundary and of codimension 
zero. Without special statements we follow all notations and conventions in [Lu3]. Especially, 
we always make the convention that sup = and inf = +oo in this paper. Moreover, we 
shall omit the superscripts in C^ z and without occurring of confusion. 

A 2n-dimensional symplectic toric manifold is a closed connected symplcctic manifold 
(M, bj) equipped with an effective Hamiltonian action r : T™ — > Diff(Af, u>) of the stan- 
dard (real) n-torus T" = M" /2-7rZ" and with a choice of a corresponding moment map 
H : M -> (R™)*. The image A = /u(M) C (R")* is a convex polytope, called the mo- 
ment polytope. It was proved in [Del] that the polytope satisfies: (i) there are n edges meeting 
at each vertex p, (ii) the edges meeting at the vertex p are rational, i.e., each edge is of the 
form p + tvk, < t < oo, where Vk G (Z™)*; (hi) the v\, ■ ■ ■ , v n in (ii) can be chosen to be a 
basis of (Z™)*. Such a polytope is called a Delzant polytope. It can be uniquely written as 



(1.1) 




(1.2) 



Chz{M,u) := C H z{M,uj;pt 7 pt), 
C° hz (M,uj) := C H z(M,uj;pt,pt). 



d 



(1.3) 




k=i 
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Here d is the number of the (n — l)-dimensional faces of A, Uk is a uniquely primitive element of 
the lattice Z™ C R n (the inward-pointing normal to the k-th face of A), and Afc is a real number. 
Delzant [Del] associated to this A C (R™)* a closed connected symplectic manifold (Ma,wa) 
of dimension 2n together with a Hamiltonian TP-action ta : T" — > Diff(MA, wa) such that the 
image of the corresponding moment map ^a : Ma — » (E™)* is precisely A and that (M, w, r) 
is isomorphic as a Hamiltonian TP-space to (Ma, wa, Ta)- Two symplectic toric manifolds are 
isomorphic if they are equivariantly symplectomorphic. Two Delzant polytopes in (E n )* are 
isomorphic if they are differ by the composition of a translation with an element of SL(n,Z). 
Delzant showed in [Del] that two symplectic toric manifolds are isomorphic if and only if 
their Delzant polytopes are isomorphic. Thus we reduce the study of symplectic topology 
of (M,cj,t) to that of (Ma,wa,ta). Delzant's construction also yielded a "canonical" TP- 
invariant complex structure Ja compatible with the symplectic form cja- In other words the 
quadruple (Ma,wa, Ja,ta) is a Kahler manifold. 

Such manifolds may be explained as a special class of projective varieties. There exists a 
class of normal algebraic varieties, called toric varieties, which are classified by combinatorial 
objects called fans. Let E be a complete regular fan in E™ and G(E) = {ui, • • • , Ud} be the 
set of all generators of 1-dimcnsional cones in E. Denote by the compact toric manifold 
associated with E. If it is projective, i.e., if X% admits a compatible symplectic structure uu 
such that (Xe,w, J) is Kahler, then every Kahler form on X% can be represented by a strictly 
convex support function tp for S (cf. §2.2). Conversely every strictly convex support function 
for E represents a Kahler form on Xs- Therefore, in this paper we shall use the same letter 
to denote a Kahler form on X^ and the corresponding strictly convex support function for E 
when the context makes our meaning clear. For such a function p setting 



it is a Delzant polytope in (E™)*. With S 1 = {z e C : \z\ = 1} the action of the maximal 
compact torus TP = M™/2ttZ™ ^ (S* 1 )" C (C*) n is Hamiltonian with respect to the symplectic 
structure 2ir ■ p and has moment polytope A v . In other words 



For the Delzant polytope A in (1.3) we denote by Ea the complete regular fan in E" 
associated with it and by Pa = X^ & the corresponding projective toric manifold (cf. Section 
2.2). It follows from (1.5) that E is the fan associated with A v . As showed in [Gu2] the set of 
all generators of 1-dimensional cones in Ea is given by G(Sa) = {wi, • • • , Ud}, and under the 
identity Ma = Pa the Kahler form cja is represented by the strictly convex support function 
for E A defined by uj^{ui) = —2ir\ i} i — 1, • • • , d. Therefore A WA = 27rA. So we can study 
the symplectic topology of toric manifolds from two points of view. Let Z> be the set of all 
nonnegative integers. Denote by 



(1.4) 



A v = {x e (E")* I (x,m) > -p(m)Vm e 1"}, 



(1.5) 



{X s ,2n-<p) = (M a ,,^aJ. 



d 



(1.6) 




where (oti, • • • , aj) G Z" satisfies X^i=i a « u « = an d 1 < Yli=i a i — n + Our first result is: 
Theorem 1.1. For the above E and p one has 



(1.7) 



< A(E, p) < (n + 1) m&xip(m) and 
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(1.8) W G (X S , ip) < C(X^-pt, PD([<p])) < A(E, ip) 

for C = Cff z , C^°z and n > 2. Moreover, for the interior Int(A y ) of A v it always holds that 

(1.9) W G (X^if) > ^W G (Int(A v ) x TP,^ can ), 

where (Int(A v ) x T™,w can ) = ({(M)|a; G Int(A v ), e R"/27rZ"}, Y? k =i dx k A*» fc ). 

As a by-product of proof of (1.8) we obtain in Corollary 3.2 Mori's theorem on the existence 
of rational curves through any point on a unirulcd manifold with a different method. In 
Remark 1.5 below we shall give an example to show that A(S, ip) may be much smaller than 
(n + 1) maxi (p(m). In some condition the estimate in (1.8) can be improved. 

Theorem 1.2. If X^ is also Fano, i.e., the anticanonical divisor —Kx s is ample, then 

d d 

(1.10) T(S, ip) := infjy^ <p(u k )a k > | a k u k = 0, a k e Z> , k = 1, • • • , dj > 0, 

k=l fe=l 

and /or C = C/rz anc ^ an V n ^2, 

(1.11) W G (X E ,^)<C(X E ,^;^,P£>(M))<T(S,^). 

By the definition it is easy to see that Y(£,</?) < A(S, <^). In Theorem 2.3 we shall list 
three equivalent criterions to judge whether or not Xy. is Fano from S. 

Let A n (a) := {(x u - ■ ■ , x n ) e M^ | Yl=i x k < «}• For A in (1.3) the following number 

(1.12) W(A) := sup{a > | 3* e SL(n, Z), x e (R n )* a.t. *(A n (a)) + a; C A} 

is an invariant of the Delzant polytopes in (K")* under the group generated by elements of 
SL(n, Z) and translations. For each vertex p of A we can assign a positive number E p (A) as 
follows. Let pi, • • • ,p n be n vertex adjacent to p. By the above definition of Delzant polytope 
we may assume that p k sits in an edge of the form p + tv kl t > 0, k = 1, • • • , n. Denote by 
r p (A) k = \p — pk\/\vk\, k = 1, ■■■,n. Here \v\ denotes the standard norm of vector v in (R™)*. 
Then p k = p + r p (A) k v k , k = 1, • • • ,n. Let 

(1.13) rp(A) = {rp(A)i,"-,r p (A) n } and E p (A) = mm r p (A) k . 

l<k<n 

Proposition 1.3. For the Delzant polytope A in (1.3) it holds that 

(1.14) ^W G (Int(A)xT",^ can )>>V(A)> max E p (A). 

Z7T pGVcrt(A) 

We also want to derive the estimation in terms of A. A n-dimensional integral polytope 
A C (R rl )* was called reflexive in [Ba2] if it satisfies: (i) Int(A)n(Z n )* = {0}, and (ii) all facets 
F of A are supported by an affine hyperplane of the form {m € (R")* | (m,vp) = —1} for 
some g Z™. A equivalent version is that € Int(A) and the polar A° := {x e R™ | (to, x) > 
— 1, Vto e A} is also a n-dimensional integral polytope R™. A reflexive polytope A is called 
a Fano polytope if the fan Ea is regular. Clearly, a reflexive and Delzant polytope is also 
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Fano. Note that polytopes A and r ■ A yield the same fans for any r > 0, and that two toric 
manifolds corresponding with two isomorphic Delzant polytopes have same Fanoness. Thus a 
toric manifold P A is Fano if and only if r ■ (m + A) is a Fano polytope for some m G (R 11 )* and 
r > 0. In Theorem 2.5 we shall show that the toric manifold Pa associated with a Delzant 
polytope A in (1.3) is Fano if and only if there exist to <G (R™)* and r > such that 

(1.15) Int(r • (to + A)) n (Z n )* = {0} and r ■ (A; + (m, m}) = ±1, VI < i < d. 

More sufficient and necessary conditions will be given there. Using this we get the following 
corollary of Theorems 1.1 and 1.2. 

Corollary 1.4. Por fAe Delzant polytope A C (R™)* m (J. 3) Ze£ A(A) (= A(£ A ,u; A )) 
6e i/ie maximum of — 27r 5^ i=1 AjCij /or a/Z (ai,---,ad) € ^>o satisfying 5^ i=1 a i w i = arl ^ 
1 < ^i=i a* < n + 1. TAen A(A) < -27r(n + 1) mim A 4 and /or C = C% z , C^z and ™ > 2 > 

(1.16) 2^W(A) < W G (M A ,w A ) < C(M A ,w A ;pr,PP([co A ])) < A(A). 
// i/iere exist r > and to e (R™)* such that r • (to + A) satisfies (1.15), then 

d d 

(1.17) T(A) := inf {- ^ A fc a fc > | ^ a ^k = 0, a fc e Z> , fc = 1, ■ ■ ■ , d} >0, 

fc=i fc=i 

and for C = C^ z , C^z and an V n> 2 it holds that 

(1.18) W G (M A ,w A ) < C(M A ,w A ;pt,PP([co A ])) < 2ttT(A). 

Remark 1.5. The polygon space associated with a = (a\, • • • , a 5 ) = (3/2, 1, 1, 1, 4/3) is a 
symplectic toric manifold (Pol(a), w a ) with moment polytope A Q given by 

1 5 1 7 

{(x 1 ,x 2 ) e R 2 | - < xi < -, - < x 2 < -, + x 2 > 1, a;i - z 2 > -1, z 2 - zi > -1}. 

(cf. [HaKn]). Using (1.15) one can prove that it is not Fano. We can also compute that 
A(A Q ) = 257r/3 < 15-7T = — 27r(n + 1) min^ \. This shows that the second inequality in (1.7) 
may be strict. Since # = diag(l,-l) € SL(2,Z) and *(A 2 (1)) + (§,§) is contained in A Q , 
we get that W(A a ) > 1. From these we can use (1.16) to obtain 

2tt < W G (Pol{a),u a ) < C{Pol(a),u a ;pt, PD([u a ])) < 25tt/3. 

Moreover, we can prove that T(A Q ) = 1/6. So the second inequality in (1.18), i.e., 

C(Pol(a),uj a ; P t,PD([w a })) < 2ttT(A q ) = | 

can not hold because the first one in (1.18) always hold. These show that the second inequalities 
in (1.11) and (1.18) do not necessarily hold for non-Fano symplectic toric manifolds. 

Notice that (ai, • • • , cy) <E Z" is only taken over a finite set in the definition of A(S, ip). 
Using the formula in [Sp] it might be possible to get the optimal estimation for any compact 
non-Fano toric manifold. 

The rest of the paper is organized as follows. In Section 2 we give some necessary prelim- 
inaries on toric manifolds; the readers only need to browse through them. The main results 
are proved in Section 3. Three examples are given in Section 4. In Section 5 we estimate 
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symplectic capacities of the polygon spaces. Finally four related results are given in Section 6; 
They arc impacts of symplectic blow-ups on symplectic capacities, symplectic packings in toric 
manifolds and the estimate of Seshadri constants of an ample line bundle on toric manifolds, 
and symplectic capacities of symplectic manifolds with S^-action. 

Acknowledgement. I am grateful to Professors V.V. Batyrev, A. Givental, A. Kresch, H. 
Sato, B. Siebert and J. A. Wisniewski for clarifying some facts. The author also thanks ICTP 
at Italy and IHES at Paris for their financial support and hospitality. 

2 Preliminaries on toric manifolds 

The basic references for toric manifolds (in alphabetic order) are [Au] , [Bal] , [Ew] , [Fu] , [Gu2] 
and [Oda] . The description here will be presented in the unity notations in [Bal] and [Gu2] . 

2.1. Symplectic toric manifolds. Let (Ma, wa, Ja,t~a) be the symplectic toric manifold 
associated with Delzant polytope A C (R™)* in (1.3), and ^a : M A — > (M™)* be the moment 
map of the T"-action ta on it. Denote by Fk the fc-th (n — l)-dimensional face of A defined 
by the equation (x,Uk) = Xk- They yield complex and symplectic submanifolds of Ma of real 
codimcnsion 2, 

(2.1) D 1 =^ 1 (F 1 ),...,D d = ^ 1 (F d ). 

Let Cfe be the cohomology class in if 2 (Ma, Z) dual to Dfc. The cohomology class [wa] and the 
first Chern class of Ma are respectively given by 

_^ d d 

(2.2) — [w A ] = -^A fc c fe and Ci(M A ) =^c k 

11 fe=i fe=i 

(cf. [Gul]). As pointed out in [Ab] the arguments in [Gul] gave a symplectomorphism 

(2.3) (Int(M A ),w A ) = (Int(A) x T",w can ). 

Here Int(M A ) = ^(In^A)) is an °P cn dcnse subset in M A , x G Int(A), 6 G K"/27rZ" and 
t^can = J2k=i dxk A ddk- Thus (a;, 9) may be viewed as symplectic coordinates in Int(M A ). 

2.2. Fans and toric varieties. For an integer k > 1, a convex subset a C W 1 is called 
a regular k- dimensional cone if there exists a Z-basis vi, ■ ■ ■ , Vk, • • • , v n of Z™ such that a = 
R>o^i + • • • + K>oWfe- Such vi, ■ ■ ■ , Vk € Z™ are called the integral generators of a. The origin 
G W 1 is called the regular zero dimensional cone. The cones generated by subsets of the 
integral generators of a are called the faces of a. A finite system E = {<7i, ■■ ■ ,a s } of regular 
cones in M. n is called a complete regular n-dimensional fan in R™ if (i) any face of each cone 
a G £ is also in X; (ii) the intersection o\ n o~i of any two cones o~\ , o~i G £ is a face of each; (hi) 
M™ = <7iU- • -Ua s . A toric variety is compact and nonsingular if and only if its corresponding fan 
is complete and regular. We always consider such a fan S below. The set of all fc-dimensional 
cones of E is denoted by T,^ . For every a G E^ 1 ) there is a unique generator «eZ" such that 
a = Z> • u. Denote by G(E) = {u\, ■ ■ ■ ,Ud} the set of all generators of elements of E^. A 
nonempty subset V — • • • , Ui k } C G(E) is called a primitive collection if it is not the set 
of generators of a /c-dimensional cone in E, while for each generator u it G V the elements of 
V \ {ui t } generate a (k — l)-dimensional cone in E. Since S is complete there exists a unique 
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cone a{V) G E whose relative interior contains u il + ■ ■ ■ + u ik . Let G(a(V)) = , • • • , Uj m }. 
We get a linear relation 

(2.4) m t H hii it = CjjUjj H h Cj m u jm , Cj s > 0, c Js G Z. 

(we allow m = if itjj + ■ • • + «i fc = 0.) It is called the primitive relation for P. The integer 

deg('P) := fc — (ci H + c m ) is called the degree of "P. Denote by PC(E) the set of primitive 

collections of E. Let A(V) = {z G C d \ z, = if u t G 7>} and Z(E) = U P A(7>), where 7? takes 
over PC(E). Put 17(E) = C d \ Z(S) and 

i?(E) = {/i = (/ii,---, W )eZ' , | /Liiui H h MdMd = 0}. 

Clearly, i?(E) is isomorphic to Z d ~". Let (ei, ■ • • , ei) be the standard basis of R d . Define a 
linear map (3 : R d — > R™, eu ^> Uk, k = 1, - • • ,d. It maps Z d onto Z™. Note that the map 
[3 can be naturally extended to a map (3c '■ C d — > C" that maps 2iriZ d onto 2iriZ n . We still 
denote by /3 C the induced map from := C d /2niZ d to 7}? := C n /2mZ n . Let 7V C (E) be the 
kernel of this map. Using the group isomorphism : T d — > (C*) d given by 

N = [K,---, Wd )]^( e ^,---,e^), 

we get a subgroup of (C*) d , D(E) := E d (7V c (E)). Explicitly, it is isomorphic to (C*) d " n 
as the Lie group. Moreover, D(E) acts freely and properly on ?7(E). Thus the quotient 
A"s = f7(E)/D(E) is a simply connected compact complex manifold of dimension n, called the 
compact toric manifold associated with E. Denote by 

(2.5) D fe (E) = {[(*!, • • • , z d )] G f/(E)/D(E) | z fc = 0}, fc = 1, • • • , d. 

They are complex submanifolds of X^, of codimension one and form a basis for the group 
T N Div(Jf E ) of Tat = (C*)"-invariant divisors. 

A continuous function p : R" — > R is called Y>-piecewise linear if it is a linear function on 
every cone of E. Such a function is uniquely determined by its values on elements Uk G G(E). 
We also call ip G PL(E) integral if <p(Z n ) C Z. Denote by PL(E) the space of all E-piecewise 
linear functions on R™. For ip G PL(E) and /x G -R(E) (g> R the degree of /i relative to ip is 
defined by deg v (^) = Y?k=i ^w{u k ) 

Theorem 2.1. For A G i7 2 (^s,Z) Zet Hk(A) denote the intersection numbers A ■ Z)fc(E), 
fc = 1, ■ ■ ■ , d. TTien /z(A) = • • • , /x(A)<i) € i?(E) and ffte map 

(2.6) H 2 (X-z,Z) ^ R(E), 

zs an isomorphism. Denote by Ex: i/ie inverse of the isomorphism and its natural extension 
i?(E) ® R — > i72(Xs,M). Moreover, the homomorphism tp i— > ^ fe=1 <^(wfc)P.D(.Dfc(E)) from 
PL(E) to i7 2 (Xs,IR) aZso induces an isomorphism 

(2.7) S s : PL(E)/M R -» F 2 (X S ,R). 

7n particular, under the isomorphism 5 s f/ie /irs£ Chern class Ci(Xx) is represented by the 
class of ip ci G PL(E) smc/i that ip ci (ui) = ■ ■ ■ = ip ci (ud) = 1. Furthermore, the degree-mapping 
induces the nondegenerate pairing deg : PL(E)/Mr x i?(E) <g)R — + R which coincides with the 
canonical intersection pairing i7 2 (X s ,R) x i7 2 (A s ,R) — » R. 
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A nonzero homology class A G Hi (Xs , Z) is called very effective in [Kr] if A ■ D > for 
every toric divisor D. Let VNE(Xs) denote the set of very effective curve classes on X-£. Then 
under the isomorphism (2.6) it is given by VNE(X S ) = Z^ n \ {0}). 

For each cone a = (u^ , • • • , w» n _i) € E^" -1 ) let (u^ , • • • , Uj n _ 15 ttj n ) and (u^ , • • • , Uj n _ 1 , Ui n+1 ) 
are the n-dimensional cones in E which contains a as a face. Then there are unique integers 

bi e Z, i = 1, • • • , n + 1 with &„ = 6 n+ i = 1, such that biu^ H h + &n+iWi„ +1 = 0. We 

define v(a) = (v(a)i, ■ ■ ■ ,v(a)d) G i£(E) by v(cr) r = 6* for r — i t and 1 < t < n + 1, and by 
v(er) r = otherwise. Under the isomorphism (2.6) it corresponds to the class in i? 2 (^s,Z) 
represented by the T^-stable closed subvariety V(a) = CP 1 . So the intersection number is 



(2.8) (A(E) • V») - 



6* Z = it (1 < t < n- 1) 
otherwise 



If X^ is projective the effective cone is given by NE(X S ) = X^est"- 1 ) ^>o w ( cr )- 

A E-piecewise linear function ip G PL(E) is called strictly convex support function for S if 
(i) it is upper convex, i.e., ip(x) + ip(y) > ip(x + y) Vx, y G R™, and (ii) the restrictions of it to 
any two different n-dimcnsional cones g\,gi G E, arc two different linear functions. Denote 
by ip i G PL(E) the unique functions determined by <pi(uk) — Ski, k,l — 1, ■ ■ ■ ,d. It is easily 
checked that they are all upper convex. Moreover, under the isomorphism (2.7) the divisor 
Di(E) G 7? 2 (Xs,R) corresponds to the class represented by ipi. Denote by K(T,) the cone 
in i7 2 (X s ,R) = PL(E)/(R™)* consisting of the classes of all upper convex ip G PL(E), and 
by if°(E) the interior of K(T,), i.e., the cone consisting of the classes of all strictly convex 
support functions ip G PL(E). Then K°(T,) ^ if and only if Xs is projective. 

Theorem 2.2. For a complete regular fan E in R™, ip G PL(E) is a strictly convex support 
function for it if and only if the following equivalent conditions hold. 

(i) For any primitive collection V — {u il , ■ ■ ■ , u ik } C G(E) it holds that 

+ ■■■ + tp{u lk ) > ip(u h + ■ ■ ■ + u ik ). 

(ii) A v := {m G (R rl )* | (m,x) > -tp(x), Vx G R™} is a Delzant polytope m (R™)*. In this 

case, for each maximal cone a G E let ip a G (R")* be the unique element such that 
(<p a ,x) = —ip\cr(x)Vx G a, then different maximal cone give different ip a G (R")* and 
{<p a | o~ G E^™)} is exactly the set of vertexes of A v . 

(iii) The divisor X)fc=i <p( u k)Dk is ample, or equivalently 

d d 

¥>(«l)A(E)) • V(a)) = V(u k )v(a) k > for all a G E^ 1 ). 

1=1 k=l 

(i) is Theorem 4.6 in [Bal]. The first claim in (ii) follows from Corollary 2.15 in [Oda], and 
the second is Lemma 2.12 in [Oda]. (iii) is Theorem 2.18 in [Oda]. 
With the above fan E one can associate a polytope in R" 

(2.9) A s := (J conv(0,ui,---,u fc ) 

(«i,-,nt)eE 

where Ui G G(E) and (ui, • • • , Uk) is the convex cone spanned on vectors u\, ■ ■ ■ , Uk- 

Theorem 2.3. The compact toric manifold As is Fano if and only if the following equivalent 
conditions hold. 
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(i) H-piecewise linear function ip Cl defined in Theorem 2.1 is strictly convex for E. 

(ii) Every primitive collection V of E aas positive degree. 

(iii) TTie polytope As is strictly convex in the sense that each face of it is of the form 
convfu^,- ■ ■ ,u ik ) where (u^,- ■•,u ik ) e E. 

(i) and (ii) come from [Bal] and [Ba3] respectively, (iii) was obtained on page 268 in [Wi] . 

There are only finitely many toric Fano varieties of dimension n up to isomorphism. Toric 
Fano manifolds have been classified in low dimensions: there exist exactly 5 different toric 
Del Pezzo surfaces, exactly f 8 different toric Fano 3-folds and exactly 124 different toric Fano 
4-folds. (see [Ba2], [Ba3], [Oda] and references therein). 

Since a compact nonsingular toric variety is projective (or Kahler) if and only if its 
fan E comes from some Delzant polytope, we recall the construction of the fan Ea associated 
with the Delzant polytope A in (1.3). For each face F of A of codimension k there exists 
a unique multi-index If of length k, If = (ii, ■ ■ ■ ,ik), 1 < ii < • • • < ifc < d, such that 
F = {x e (R™)* \x(ui) = A,, Vi G If}- One has a regular /c-dimensional cone in R™, 
o~ f = {J2ti u i \ ti > Vi G If} with generators {ui \ i e If}- The origin € R" is called the 
regular O-dimensional cone. Then the set Ea := {of \ F is a face of A} is a complete regular 
n-dimensional fan in R™ with G(Ea) = ■ ■ ■ , Ud}, and the corresponding toric manifold 
Pa := is projective. Audin showed in [Au] that there exists a biholomorphism from 

(M A , Ja) to P A = f7(E A )/D(E A ) which maps D k in (2.1) to P fe (E A ) in (2.5), k = 1,-- -,d. 
Later we shall not distinguish between Ma and Pa without special statements. By Theorem 
2.2(h), if As is projective then any cp £ K°(T,) yields a Delzant polytope A v . It is easily 
proved that the fan E associated with A v is exactly E. Moreover, for any m € (R™)* and 
r > 0, the above construction implies that E m +,A = Ea and thus P m + r A = Pa because 
to + rA = C\ d k=1 {x e (R™)* | x{u k ) > m(itfe) + r\ k }. 

Theorem 2.4. For the Delzant polytope A in (1.3) the following assertions hold: 

(i) A°(E A ) + $, and the open cone A°(E A ) C P 2 (P A ,R) = P 14 (P A ,R) consists of classes 

of Kdhler (1, 1) -forms on Pa . The support function h& : R™ — > R /or A defined by 

h A (x) = -mi{(v,x)\v £ A} VxeR™, 

is strictly convex for Ea, and c^a = 2nh A . 

(ii) A WA = 2-7rA, and if ^ e PL(Ea) is strictly convex for Ea tften one /ias 

A v = nf = i{me (R n )*|<m,Ui) > and (M Av ,, w A J = (Pa, 2^). 

(i) follows from Theorem 2.7 in [Oda]. To prove (ii), it is showed before that each (n — 1)- 
dimcnsional face Fi = {to e A | (m, Uj) = A^} gives a corresponding 1-dimensional cone 
UFi = R>o u » in Ea- By Lemma 2.12 in [Oda] this cone yields a (n — l)-dimensional face 
Ff := {to e A v | (m,Ui) = -(p(u t )} again. 

Theorem 2.5. The projective toric manifold Ma = Pa is Fano if and only if the following 
equivalent conditions hold. 

(i) There exist r > and m e (R™)* sucA tftof Int(r • (m + A)) n (Z n )* = {0} and t/iat 
r • (A» + (m, u^) = ±1 /or i = 1, • • • , d. 
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(ii) There exist r > and ra6l" such that € Int(m+ A) and f/iaf each vertex ofr- (m+A) 
is o primitive vector in (Z rl )* in t/ie sense its coordinates are relatively prime. 

Proof. To prove (i), note that Pa = P^tm+A)- By Exercise 3.6 on page 70 of [Gu2], the 
vertices of the polytope r • (m + A) lie on integer lattice points if and only if all r ■ (A, + (in, Uj) ) 
are integers, i — 1, • • • , d. Moreover it was proved in [Ba2] that P r -(m+A) is Fano if and only 
if the integral polytope r ■ (in + A) is a reflexive polytope. These imply (i). As to (ii) it was 
proved in [Ew] that P r -( m +A) is Fano if and only if the integral polytope r ■ (m + A) is a Fano 
ploytope. The condition in (ii) just right guarantees that r ■ (in + A) is a Fano polytope. □ 

3 Proof of the Main Theorems 

Let (M, ui) be a closed symplectic manifold. For nonzero classes ao, ctoo € H* (M, Q), using the 
Gromov-Witten invariant homomorphism ^ A, g ,m+2 ■ H*{M- g ,m+2]'Q>) x P*(M;Q) m+2 — > Q, 
we defined in [Lu3] a number GW S (M, u>; cuo, a>oo) by the infimum of the w-areas lo(A) of 
the homology classes A e i?2(M; Z) for which 5 , A,g,m+2(K; cto, "oo, ■ ■ ■ , /3 TO ) 7^ for some 
homology classes 0i,---,(3 m € i?*(M;Q), k e H *(M. g t m+2] Q) and integer m > 0. It was 
proved in Theorem 1.10 and Remark 1.11 of [Lu3] that for C = Cjp z , C^° z \ 

(3.1) C(M, w; a , aoo) < GW (M,o;;ao,aoo) and 

(3.2) GW 9 (M, PD([w])) = inf{GW 5 (M, u;pt, a)\a€ H*{M, Q)}. 
These are the starting points of proof of our main results. 

3.1. Rational curves on uniruled manifolds. A smooth projective variety X over C is 
called uniruled if it satisfies the following equivalent conditions: 

(i) There is a nonempty open subset U C X such that for every x e U there is a morphism 

/ : CP 1 — > X satisfying x G /(CP 1 ). 

(ii) For every a; e A there is a morphism / : CP 1 — ► A satisfying a; e /(CP 1 ). 

The following proposition is a key to prove Theorem 1.1. Its proof was actually contained in 
Kollar's arguments in [Ko] and Proposition 7.3 in [Lu3]. For convenience of the readers we 
shall prove it in detail. 

Proposition 3.1. Let X be a uniruled manifold of positive dimension n. Then there exist 
homology classes A e H 2 (X; Z) with 1 < a(A) < n + 1, a e H 2n -2{X 1 Q) and [3 e P*(A; Q) 
such that 

(3.3) ^ Afi , 3 (pt;pt,a,f3)^0. 

Proof. Firstly, note that (3.3) and dimension condition in the definition of GW- invariants 
imply 

2 + 2n + (2n - dim/3) = 2n + 2ci(A). 

It follows that 1 < ci(A) < n + 1 because < dim/3 < 2n. So we only need to prove (3.3). 

Our proof ideas are based on the proof of Theorem 4.2.10 in [Ko] and simple arguments 
of Gromov-Witten invariants. Recall the proof of Theorem 4.2.10 in [Ko]. Fix a very general 
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point x E X and a very ample divisor H C X. Since X is uniruled there exists a rational 
curve C through x such that (C • P) is minimal. Let B =: [C]. Fix a point zo € CP 1 and let k 
be the complex dimension of the space of morphisms / : CP 1 — > X such that /^.([CP 1 ]) = P 
and /(zo) = %• Then k > 2 because the isotropic subgroup of automorphism group of CP 1 at 
Zq has real dimension 4. Then for general divisors Hi, ■ ■ ■ , H k linearly equivalent to H, 

(3.4) y Bfi , k+ i(pt; P t,Hi,---,H k )^0. 

If k = 2 then (3.3) holds for A = B. If k = 3 it follows from (6) in [Mc] that 

^B,o,i{pt;pt,H 1 ,H 2 ,H 3 ) = ^2^B 1> o,3(pt;pt,Hi,ei)^B 2 ,o,3(pt;fi,H 2 ,H 2 ) 

B=B!+B 2 I 

where {ei}i is a basis for the homology H Sf (X; Q) and {/;}/ is the dual basis with respect to the 
intersection pairing. This identity implies that ^ B 1 ,o,3(pt;pt, Hi, e;) ^ for some I. Taking 
A = Bi one gets (3.3) again. If k > 4 the composition law of the GW-invariants gives 

^Bfi,k+\{pt;Hi, ■ ■ ■ ,H k ) 

Y,^ B ^oApt;pt,Hi,H 2 ,/3 a )7 1 ab ^B 2 ,o.k-i(pt;/3 b ,H 3 ,---,H k ). 

B=B l +B 2 a,b 

Here {fib\b=i is a homogeneous basis of H*(X, Q). It follows from (3.4) that 

^B 1 flA{pt;pt,Hi,H 2 ,P a ) + 

for some Bi £ H 2 {X;1A and 1 < a < L. As in case k = 3 we can also get (3.3). Clearly we 
has always (H' ■ A) < (H' ■ B) for any very ample dvisor H 1 on X. □ 

Corollary 3.2. For a uniruled manifold X of positive dimension n, through any general 
point of X there is a rational curve C with < (—Kx • C) < n + 1. 

This result is not new. It is an easy part of the celebrated Mori's theorem in [Mori], [Mor2]. 
For more general versions of Corollary 3.2 the reader may refer to [KoMor]. 

3.2. Proof of Theorem 1.1. Since Xs is uniruled, Proposition 3.1 yields homology classes 
A e H 2 (Xj;;Z) with 1 < ci(A) < n + 1, a e H 2n _ 2 (Xj:,Q) and {3 G H*(X S ;Q) such that 
^ A,o,z{pt;pt, a, (5) ^ 0. Note that the Gromov-Witten invariants are deformation invariants. 
For any ip G i^°(S) one has 

d 

([<P],A) = ^ V {u i )n{A) i > 0. 
i=i 

Now K(Y.) is the closure of K°(Y,) in H 2 (X^,R). Therefore ([tp],A) = £? =1 > 

for any ip G K(H). In particular we have 

d 

(3.5) ([<Pi],A) = Yl = fi(A)i > 0, I = 1, • • • , d. 

i=l 

These show that A is very effective. By Theorem 2.1, a(A) = £T =1 fi(A) t . So 1 < Yh=i P( A )t < 
n+1. By the definition of A(S, ip) we have 

d 

< ([ip], A) = Y f(uMA)i < A(E, <p) 

i=l 
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and thus GWo(M, u);pt, a) < A(S, ip). Moreover it is clear that 

d 

ip(ui)ni < (p(ui)fii < (n + 1) max <£>(«;) 

Z ^ Z ^ j 

i=l ip(Mi)>0 

for each \i e Z> satisfying JZ i=1 = and 1 < Ylt=i l-ti < n + 1. By (3.1) and (3.2) we 
get the desired (1.8). 

The proof of (1.9) is direct. Note that A v may be written as 

d 

A v = f) {x E (KT I {x, u k ) = x{u k ) > -<p{u k )}. 

By Theorem 2.4(h) it is a Delzant polytopc in (K™)*, and (M a „,waJ = (Pa„,27!v) = 
(X-£,2n(f). Using (2.3) we can give a symplectic embedding from (Int(A v ) x T n ,w can ) to 
(M/\ v ,uja v ). Then (1.9) follows from these and the monotonicity of symplectic capacities. □ 

3.3. Proof of Theorem 1.2. For every A = S E (a) £ VNE(X S ), by Theorem 9.1 in [Bal] 
the moduli space M(A, X^) consisting of holomorphic maps / : CP 1 — > with /^([CP 1 ]) = 
A is irreducible and the virtual dimension of it is equal to n + ci(Xz)(A) = n + J\=i a fe- 
Denote by m — 1 + X^fc=i a k an d by Cfe <E H 2 (X^, Z) the Poincare dual of [-Dfc(E)], k = 1, • • • , d. 
It was stated in [Bal] that 

(3.6) c ^...c a /=q A 

holds in QH*(Xz). The author incorrectly admitted it in [Lu2]. Actually one only can prove 

(3.6) for all A £ VNE(X E ) in the toric Fano manifolds. The first proof was given by Givental 
in [Giv] (also see [Kr] for an elementary proof for a class of Fano toric manifolds, and [CiS] for 
another different proof for Fano toric manifolds with minimal Chern number at least two) . In 
terms of GW-invariants (3.6) means 

(3.7) ^ m+1 (pt;pt,D 1 (^. ■ -,£>i(£), • • -,Ai(S)) = 1- 

ai a d 

Its enumerative interpretation is that for a given general point pq on X-£ and generic distinct 
points zo, Zk,i, i = 1, • • • , afe and k = 1, • • • , d on CP 1 there exists precisely one morphism 
/ £ M(A, Xz) such that f(zo) = po and f(zk,i) £ Pfe(S) for z = 1, • • • , afe and fc = 1, • • • , d. 
In particular (p(A) > 0. But Theorem 2.1 shows that <p(A) = Y^t=i a - , ( u fc) a fc- Therefore for a 
given a £ Z| n P(S), S s (a) G VNE(X S ) if and only if Yl=i ^KH > 0. Now (1.10) can 
easily follow from this and the Gromov compactness theorem. Hence (3.2) and (3.7) give 

d 

GW (X S , <p;pt, PP(M)) < <p(A) = ]T <p{u k )a k 

fe=i 

for any A = S SA (a) £ VNE(X S ), and thus 

GW (X E , < T(E,p). 

This and (3.1) give (1.11). □ 

Remark 3.3. For a symplectic toric manifold (Pol(o:),w Q ) in Remark 1.5 it is easily seen 
that (3.6) cannot hold for all A £ VNE(Pol(a)). 
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3.4. Proof of Proposition 1.3. Denote by uoq = J2k=i dxk/\d9 k and iv can — Y^l=i dxkf\d6 k 
the standard symplectic form on M. 2n = W l x R™ and its descending symplectic form on 
K" x T™ = K" x (M"/27rZ") respectively. For a k > 0, b k > 0, k = 1, • • • , n, we also denote by 

(3.8) E(r u ---,r n ) = {(x u y u ---,x n ,y n ) eR 2n | ^T^ 2 + y))jr) < l}, 

n 

A(ai,---,a„) = {(ii, ■ • ■ ,i n ) 6 | ^ik/at < 1} C K n , 

fe=i 

□ (&!,■■■,&„) - {(0i,---,0„)GlR n |O<^<6 fc Vl<A : <n} 

and abbreviate A n (a) := A(ai, • • • , a„) and □"(&) := □ (&!, ■ • • , b n ) if a\ = ■ ■ ■ = a n = a and 
bi = ■ ■ ■ = b n = b. The following two lemmas will be also used in §6. 

Lemma 3.4. ([Sik]) Let U, V C K n be two connected open sets with -ff 1 (C/) = and H 1 ^) = 

0. For the symplectic submanifolds U x T n and V x T" of (K" x T n , w can ), the following two 
statements are equivalent: 

(i) (U x T™,w can ) and (V x T™,w can ) are symplectomorphic; 

(ii) i/iere exists a unimodular matrix $ e Z" x ™ and a vector iel" suc/i t/iat V = <&£/ + x. 

Lemma 3.5. ([Sch, Lemma 3.11]) Lei E(c\, • • • , c„) 6e as above. Then for all e > 0, 

(i) (E(y/2ai — €,•••, \J2a n — e), ujq) embeds symplectically in (A(ai,- •• ,a n ) x □™(27r),wo) in 

swc/i a way i/iai /or a/Z a £ (0, 1), a£'(v / 2ai — e, • • • , \/2a n — e) is mapped into ((a + 
e)A(ai, •••,<)) x □"(2tt); 

(ii) (A (a! — e, ■ ■ ■ , a n — e) x □™(27r), u>q) embeds symplectically in E(-^2a\, • • • , y/2a n ) in such 

a way that for all a £ (0, 1), (aA(a\ — e, • • • , a n — e)) x □ n (27r) is mapped into (a + 
e)E{V2aT,---,V2a^)- 

Now we are in position to prove Proposition 1.3. By Lemma 3.4, if \E'(A n (a)) + x C 
A for some £ SL(n,Z) and x £ (M™)* then there exists a symplectic embedding from 
(A"(a) x T n ,uj can ) into (A x T n ,uj can ). Moreover, Lemma 3.5 can give a symplectic embedding 
from (B 2n (V2^- e),u ) into (A"(o) x □ "(27r),w ) C (A"(a) x T",w can ) for any given small 
e > 0. The definition of W(A) and the monotonicity of the symplectic capacities yield the 
first inequality in (1.14). 

In order to prove the second inequality in (1.14) let p £ Vert(A) such that 

E P (A) = max{E q (A) | q £ Vert (A)}. 

Suppose that Pi, - ■ ■ ,p n £ Vert (A) are the adjacent n vertexes as described above Proposition 
1.3. Then there exists a unique unimodular matrix A £ SL(n, Z) such that Ae* k = v k , k = 

1, • • • , n. So the map 

(3.9) $ : (M n )* ^ (M")*, x^Ax-p 

maps the vertexes p and pi, • ■ ■ ,p n to the origin and r p (A)ie*, • • • , r p (A)„e* . It follows that $ 
maps the convex combination conv(p,pi, • • • ,p n ) onto conv(0, r p (A)ie*, • • • , r p (A)„e* ). Since 
conv(p,pi, • • • ,p n ) C A, the inverse map < f>~ 1 of $ maps conv(0, r p (A)ie*, • • • ,r p (A)„e*) into 
A. But A n (E p (A)) is contained in conv(0, r p (A)ie 1 , • • • , r p (A)„e* ). The second inequality 
in (1.14) is obtained immediately. □ 
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4 Examples 



Example 4.1. In [CdFKM] Candelas, de la Ossa, Font, Katz, and Morrison resolved the 
curve of Z 2 singularities of the weighted projective space CP 4 (1, 1,2,2, 2) to obtain a compact 
toric manifold X = X%. Here the one-dimensional cones in the fan £ are spanned by 

ui = -ei - 2e 2 - 2e 3 - 2e 4 , u 2 = e\, u 3 = e 2 , U4 = e 3 , it 5 = e 4 , u 6 = -(ui + u 2 ) 

for the standard basis e\, e 2 , e 3 , e 4 in C 4 . The maximal cones of £ are as follows: 

(Ti = (Mi, U 3 , Ui, U 5 ), <7 5 = (u 2 , U 3 , Ui, u 5 ) 

a 2 = (ui,Ui,U5,Ue), a 6 = (u 2 ,u 4 ,u 5 ,u 6 ) 
cr 3 = (ui,U3,u 5 ,u 6 ), a 7 = (u 2l u 3l u 5l u 6 ) 
0-4 = (ui,u 3 ,Ui,u 6 ), a s = (u 2 ,it 3 ,it4,u 6 ). 

The only two primitive collections are {u\,u 2 } and {u 3 , U4, 7*5, uq}. By Theorem 2.2 a £- 
piecewise linear function ip G PL(£) is a strictly convex support function for £ if and only if 
( / ? (' lt 3) + V 3 ( u 4) + ( / ? ( u 5) + v( u 6) > an d <p{u\) + ¥?(w 2 ) > 2ip(u§). Note that ui + u 2 = 2uq. 
(p Cl € PL(£) is not a strictly convex support function for £. By Theorem 2.3, X is not Fano. 
Let to be the unique E-piecewise linear function determined by oj(u\) = 1, ui{u 3 ) = 1 and 
= for i — 2,4, 5, 6. It is easily checked that it is a strictly convex support function for 
E. So X is projective and w is a Kahlcr symplcctic form. Theorem 1.1 yields 



(4.1) 



W G (X,u) < C(X,u;pt,PD([u})) < A(£,w) = 1 



for C = C ( hI, C^z- Moreover, by Theorem 2.2(h) we can calculate all vertexes of A w as 
follows: 



tl = (- 


1,-1,0,0), 


t 2 - 


= (1,0,0,0), 




h = 


U = (l 


-1,0,1), 


h - 


= (0, 


-1,0,0), 




h = 


t 7 = {0 


-1,1,0), 


h -- 


= (0, 


-1,0,1). 






Since the matrix 




















f t 2 


-t 6 \ 




/ 1 





°\ 






t 5 


-t 6 




-1 










h 


-t 6 




-1 


1 









\ h 


-*6 J 




Vo -1 





1 / 



belongs to SL(4, Z) and maps Cl(A n (l)) = conv{0, e\, e 2 , e 3 , e 4 } onto 

conv {t 6 ,t 2 ,t 5 ,t 7 ,t s } C A u . 
It follows from Theorem 1.1 and Proposition 1.3 that 

W g (X,uj) > -^W G (A W x T\w can ) > W(A„) > 1. 

Z7T 

Combing (4.1) we get 

W G (X,u>) = -^W G (A W x T\w can ) = W(A U ) = 1. 

Z7T 

Example 4.2. Let (CP™,<x>fs) be n-dimensional projective space equipped with the Fubini- 
Study u>-ps. We assume that J cpl ufs = 2w. Then (CP",u;fs) is a 2n-dimensional toric 
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manifold and its Dclzant polytope has vertices q = and qi = e i; i = l,---,n. Here 
ei, • • • , e„ are the standard basis of M™ and we have identified (R n )* with R". Let p € CP" 
be a fixed point of action of T n on it corresponding vertex q n under the moment map. Since 
CP" is Fano it easily follows from Corollary 1.4 that for C = C^ z , C^g , 

W G (CP",^ FS ) = C(CP n ,u FS ;pt,PD([LO FS })) = 2tt. 

Now take re (0, 1) and consider the T-blow up of (CP",wfs) a t P we get a symplectic toric 

n 

manifold (CP T ,w r ). By Theorem 1.12 in [Gu2] the vertices of its Delzant polytope A T are 
go = 0, q n = 5e n , and qi = ej, q n +i = 5e n + Se i} i = 1, • • • ,n — 1. Here 5 = 1 — r. It is easy to 
see that 

n+2 

A T = f|{xeR"|(x, Ufc )-A fe >0} 
fc=i 

where Ui = e H and \ = 0, i = 1, • • • , n, and u n +i = - Ya=i e ^ w «+2 = ^ e n, A„+i = -1 and 

An+2 = —S- Note that all Delzant polytopes A r generate the same fan. All toric manifolds 

— — n 

CP T are same as complex manifolds. If r = 1/2 it is easily checked that 2(Ai — • • • , 5)) 

n n 

satisfies (1.15). So CPi is Fano. In particular we get that (3.7) holds for X^ = CPi. Note 

- — --ro n 

that the Kahler forms on CP 1 and CP T arc deformedly equivalent because they sit in a Kahlcr 

cone on a complex manifold. Using the fact that the Gromov-Witten invariants are symplectic 

" — n 

deformation invariants we still obtain (3.7) for — CP r . As in the proof of Theorem 1.2 it 
follows from this and (3.1) that 

n 

C(CP ,uj T ;pt,PD([uj T ])) < 2ttT(A t ) = 2nS 
for C — C'hz, C^°z ■ On the other hand the first inequality in (1.16) leads to 

- — 

W G (CP ,w T ) > 2tt(1-t) 

because A n (l - r) C A. Hence 

(4.2) W G (CP\w T ) = C(CP n ,w T ;pt,PD([w T ])) = 2tt(1 - r) 

for C = C^\, Cffz- O n the other hand it is easily checked that A(A) > 7r(n + 1)(1 — r). So 
(1.18) gives better upper bound than (1.16) for Chz(CP ,u) T ;pt,PD([u> T ])). 

Example 4.3. Consider the following 4-dimensional toric Fano manifold W due to Hiroshi 
Sato [Sa, Ex. 4. 7], which was missed in the table of Batyrev [Ba3]. Let e x , e 2 , e 3 , e 4 be the stan- 
dard basis in M 4 . Denote by U\ = e\, u 2 = e 2 , u 3 = —ei—e 2 and U4 = e 3 , u 5 = e 4 , u 6 = — e 3 — 64. 
Let W be the equivariant blow-ups of CP 2 x CP 2 along three Tjv-invariant 2-dimensional ir- 
reducible closed subvarieties orb({ui, U4}), orb({w 2 ,u 5 }) and orb({u 3 , uq}). The set of all 
generators of 1-dimensional cones in its fan S is G(S) = {m, 112, u 3 , U4, U5, uq, 117, u 8 , ug}, 
where 117 = u\ + 114, u 8 = 112 + M5 and u 9 = u 3 + uq. E has 23 maximal cones as follows: 





= (U 1 ,U2,U 7 ,U 8 ), 


0-2 = 


= (mi,u 2 ,w 6 ,u 8 ), 


CT 3 = 


= (ui,ti 2 ,U6,U7), 


04 = 


= (ui,U 3 ,U 5 ,U 7 }, 


05 = 


= (ui,U 3 ,U 5 ,Ug), 


(T 6 = 


= (ui,U 3 ,U 7 ,Ug), 


(7 7 = 


= (ui,u 5 ,u 6 ,u 8 ), 


(T 8 = 


= (ui,u 5 ,u 6 ,uq), 


<T 9 = 


= (ui,u 5 ,u 7 ,u 8 ), 


010 


= (ui,U 6 ,Ur,Ug), 


o-n 


= (u 2 ,U 3 ,U4,Ug}, 


(712 


= (u 2 ,u 3 ,u 8 ,u 9 ) 


013 


= (u 2 ,U 3 ,U 4 ,U 5 ), 


014 


= (U 2 ,U4,U7,U S }, 


Cl5 


= (U2,U4,U 6 ,U7) 


0"16 


= (U2,U4,U 6 ,Ug), 


an 


= (u 2 ,u 6 ,u 8 ,u 9 ), 


CT18 


= (U 3 ,U4,U 5 ,U 7 ) 


019 


= (u 3 ,U 4 ,U7,U 9 ), 


O"20 


= (u 3 ,u 5 ,u 8 ,u 9 ), 


0"21 


= (U4,U 5 ,U 7 ,U 8 ) 


022 


= (U4,U 6 ,U7,U 9 ), 


0"23 


= (U 5 ,U 6 ,U 8 ,U 9 ). 
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Since W is Fano, ip Cl E PL(S) denned by ip Cl (u;) = 1, i = 1, • • • , 9 gives a symplectic structure 
on W, It is easily checked that 

9 9 

T(S, <p Cl ) = inf n 4 > | ^ = 0, (m, ■ • • , n 9 ) G (Z> ) 9 \ {0}} = 1. 

i=l i=l 

By Theorem 1.2 we get that for C = C^, C^° } , 

(4.3) W G (W >¥ > Cl ) < C(W,<p Cl ;pt,PD([p Cl ])) < 1. 

By Theorem 2.2(h) we can calculate all vertexes of A Vci as follows: 



i 2 = (1,1,-1,0), 

t B = (1,-2,-1,1), 
t 8 = (1,-1,-2,1), 



t 3 = (1,1,0,-1), 
te = (1,-2,0,0), 
*9 = (1,0,0,1), 



ti = (1,1,0,0), 
t 4 = (1,-2, 0,1), 
t 7 = (1,0,-2,1), 
tio = (1,-1,0,-1), 
ti 3 - (-2,1,1,1), 
ii 6 = (-2,-1,0,-1), t ir = (-1,1,-1,0), t 18 = (0,-1, 1,1), 
il 9 = (0,-1,-1,-1), *20 = (-1,0,-1,1), i 21 = (0,0,1,1), 

*23 = (0,0,-2,1). 



in = (-2, 1,1,-1), t 12 = (0,-1,-2,-2), 
ii4 = (0,1,1,0), ti 5 = (0,1,1,-2), 



t 22 = (0,0,1,-2) 
Note that the matrix 

$ = 



/ h -h \ ( o o-i o \ 
i 3 -tl 



tg — ti 

V *i4 - h J 



-1 
-10-1 



\ -l o i o / 

belongs to SL(4, Z) and maps C1(A™(1)) = conv{0, ei, e 2 , e 3 , ei} onto 

conv{*i, t 2 , *3, tg, *14} - ii C A Vci - ii. 
It follows from Theorem 1.1 and Proposition 1.3 that 

Wg(W,v Ci ) > ±-W G (A Vci x TT, Wcan ) > W(A Ve J > 1. 
Combing (4.3) we arrive at 

(4.4) W G (W, <p Cl ) = C(W, <p Cl ;pt, PD([<p Cl ])) = 1 



5 Symplectic capacities of polygon spaces 

Let a = (ai, • • • , a m ) € R™. Following [HaKn] the polygon space Pol(a), abelian polygon space 
APol(a) and upper path space UP (a) for a are given by 

m 

Pol(a) = {(pi, ■ ■ -,p m ) G (K 3 ) m | Vi, = J] A = 0} /S0 3) 
APol(a) = {(Pi,---,p m ) G (R 3 ) m | Vz,|p 4 | = a 2 , C( 53 Pi) = a ™} / S0 2 , 



i=i 

m— 1 



UP(a) - {(pi, • • ■ , Pm -i) e (K 3 )" 1 - 1 | Vi, = ai) C(53 > «™}/ 



i=l 
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respectively, where SOz acts on (R 3 ) m diagonally, ( : R 3 — > R is the projection ((x, y, z) = z, 
and p <~ // if p = p' or if C(SI=i 1 Pi) = an d [p] = [p'] m APol(a). When a is generic, 
i.e., the equation e^cni = has no solution with Si = ±1 they are respectively closed 

symplectic manifolds of dimensions 2(m — 3), 2(m — 2) and 2(m — 1). Moreover Pol(a) is a 
codimension 2 symplectic submanifold of APol(a), and the latter is a codimension 2 symplectic 
submanifold of UP (a). In particular APol(a) and UP (a) are respectively toric manifolds with 
moment polytopes 



{< 



X\ , • • • , Xfn — i 



rn—1 


m— 1 




2 = 1 


m— 1 
i=l 


m— 1 

2 = 1 



Note that E a may viewed as a Delzant polytope. Indeed, with the standard basis ei, ■ ■ ■ , e m _i 
of R m_1 we set m = e i; u m _i + j = — e,-, i = 1, • • • , m — 1 and U2 m -i — Y^T=i e i- Then with 
A m -i+i = Aj = -ai, i = 1, ■ ■ ■ , to - 1, and A 2m _i = a m we have 



2m-l 



f| {xel™- 1 | (a:,« fc )-A fc >0}. 



fe=i 

For nonnegative integers pk, k — 1, • • • , 2m — 1 the direct computation gives rise to 

Z^fe=l PkUk = 2^,1=1 (Pi — Pm-l+i + M2m-ljei 

_ Z^fc=i A kPk = 2^i=i a i(Pi + Pm-i+i) - a m p 2m -i- 

So J21™-! 1 PkUk = 0» Pm-i+i = Pi + Pim-\, i = 1, • • • , to - 1, and thus 1 < X^=T Mi < 
to 4=> 1 < 2 Mi + m P2m-i < to. In this case 

2m — 1 m— 1 m— 1 

- ^ Afc/^fe = 2 ^ ajft + a 4 - a m )/U 2TO _i. 

fc=l 2 = 1 2 = 1 

Setting 6, = pi, % = 1 , ■ ■ ■ , to — 1 , and 6 m = P2m-i we get 

m— 1 m— 1 m— 1 

(5.1) A(S Q ) = 27rmax|2 ^ + on-a m )b m 1 < 2 bi + mb m < to, 6 4 e Z> |. 

2=1 2=1 2=1 

By (1.7) it is less than or equal to 2to,7t maxfa; 1 1 < i < to — 1}. Moreover, it is easily checked 
that conv(0, 6ei, • • • , <5e m _i) C S a for (5 = min{a 4 - 1 1 < i < to — 1}. By Theorem 1.1 we have: 

Proposition 5.1. Let Q a denote the symplectic form on UP(a). Then for C = cff z , C^^ , 

27rmin{a J 1 1 < i < to - 1} < W G (UP(a), uj a ) < C(UP{a),Q a ;pt, PD([Q a })), 
and for m > 3 it holds that 

(5.2) C(\JP(a),Q a ;pt,PD([Q a ])) < A(S Q ) < 2TO7rmax{a i 1 1 < i < to- 1}. 



Since E a is isomorphic to the Delzant polytope 

m — 2 m — 2 

A Q = {(yi, • • • ,y m -2) € [-a*, a*] a m - a m _i < ^ < a m + a m _i|, 

2=1 2 = 1 
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as in the proof of Proposition 5.1 we can derive from Theorem 1.1: 
Proposition 5.2. Let u a denote the symplectic form on APol(a). Then 

f m — 2 m—1 m — 2 n 

A(A a ) = maxj 2 mati + fi m -i ■ a; - a m ) + Mm ■ («m-i + a m - X! ai ) \ ' 

^ i=l i=l i=l J 

where Hi G 1*>o, i — 1, ■ ■ ■ , m, satisfy 

m-2 

1 < 2 ^ ,Uj + (m - l)/i m _i + (m — 3)/z m < m — 1. 
i=i 

Moreover, for m > 4 and C = Cj^; Cjjz ^ ZioZds f/iai 

(53) W G (APol(a),a; a ) < C(APol(a),uj a ;pt, PD([u a ])) < A(A a ) 

< 2(m - l)7rmax{ai, • • • , a TO _ 2 , a TO _i + a m }. 

By Proposition 1.3 in [HaKn], for generic a G R™ and 8 > Y^j=i a j one nas a symplecto- 
morphism 

APol(ai, • • • , a m ) = Pol(ai, • • • , a m -i,8 + a m ,8). 
So it follows from Proposition 5.2 that 

Proposition 5.3. Let u)' a denote the symplectic form on Pol(a). Then for every generic 
a G M™ satisfying u m -\ > ot m > | X^JLi 1 a j the polygon space Pol(ai, • • • , ct m ) is symplecto- 
morphic to APol(ai, • • • , a m _2, otm—i ~ a m ). So with a' = (oti, • • • , a m -i, a TO -i — a m ), 

{m— 3 m m n 

2 meti + (j, m -2 ■ (^ati - 2a m -i) +Mm-i ■ (2a TO -i + 2a m _ 2 - X!" 1 ) f ' 
i=l i=l i=l 

w/iere /Uj G Z>0; i = 1, ■ ■ ■ , m — 1, satisfy 

m—3 

1 < 2 /Xj + (m - 2)^ m _ 2 + (m - 4)^ m _i < m - 2. 
i=i 

Moreover, for m > 5 and C = Cj^, Cffz ^ ZioZds ifcai 

(5.4) W G (Pol(a),^) < C(Pol(a),w; ; pt,P£>(K])) < A(A a /) 

< 2(m - 2)7rmax{ai, • • • , a m _ 3 , a TO -2 + a m -i - a m }. 

It was shown in §6 of [HaKn] that for generic a G and /3 G both Pol(a) and Pol(/3) 
are toric manifolds if a\ ^ cii and ay 7^ as, and if (i\ 7^ [3 2 and fj 5 7^ /3 6 . 



6 Related results 

6.1. Impacts on symplectic capacities of symplectic blow-ups. If we always require 
the class n to be a single point one pt in the definition of the number GW g (M, u; a , ctoo) at 
the beginning of Section 3, the corresponding infimum is denoted by 

(6.1) GW s (M,o;;ao,Q!cx>)- 
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Then GW ff (M,w;a ,aoo) < GW g (M,uj; a a , a^). 

Firstly, it is easy to see that the symplectic blow up operation for a symplcctic manifold 
must decrease the volume of it. One easily find a noncompact symplectic manifold for which 
a suitable symplectic blowing up does not decrease its Gromov symplectic width. Therefore it 
is a complicated problem. For simplicity we restrict our attention to the case of a symplectic 
blow up of a closed 2n-dimensional symplectic manifold (M, w) at k distinct points. Let 
^ = Lli V'i : Ui(-S 2 "( r i)i w o) - * {M,u>) be a symplectic embedding of k disjoint standard 
symplectic balls of radii ri,---,r/j, and 9 : (M^,w^,) — ► (M,u>) be the symplectic blow-up 
associated with ip at Pi = Vi(0), i = 1, • • • , k. Let Hj{M) (rcsp. H j (M)) denote Hj (M, Z) 
(resp. iP(M, Z)) modulo torsion. Denote by Ej = _1 (O) « CP™ -1 the exceptional divisor 
corresponding to pj. Let E\,-- ■ ,Ek denote the homology classes of the exceptional divisors in 
H2n-2{M) and ei, ■ ■ ■ , e/t € H 2 (M) be their Poincare duals. Then 

(6.2) [S] = [6*0,] - 5>rf ei 

i=l 

in H 2 (M, E) ([McP]). Let £7- <G H 2 (M) be the classes of lines in the exceptional divisors Ej such 
that PD^E'j) = — (— ei)™ _1 . Let {T , • • • ,T q } be a homogeneous basis of H 2 (M) of increasing 
codimension such that To is the fundamental class and T q = pt. With p = q + k(n — 1) we 
define Tg+i, ■ ■ ■ ,T p to be the classes ej € H 2 (M), i = 1, • • • , k and j = 1, • • • , n — 1. Denote 
by f l = Q*Ti, i = 1, • • • , q. Then {fi, • • • , T p } is a homogeneous basis of H 2 (M). The classes 
3\,- • • ,T g (rcsp. T 9+ i, • • • , T p ) are called non- exceptional (resp. exceptional}. Note that 

f63) f j .f j ,=e*(T j -T j ,), T j -er = 

K '' ef-ef' =5l,e? +m ', e™ = (-l) n ~ 1 pt 

on M for 1 < j, f < q, 1 < i, i' < k and 1 <m,m' < n— 1. One has a canonical decomposition 

H 2 [M) = H 2 (M) © ZEj © ■ ■ ■ 8 ZE' k . 

By (6.3) the classes PD{E[) e H 2 [M) satisfy PD{E[) ■ Ej = E 3 (E[) = -8). So one has 

H 2 (M, E) = /T 2 (M, E) Me'/" 1 • • • Ee™" 1 . 

As usual we denote by O! the transfer map PDj^ o 9* o PDm from H*(M) to H st {M) and 
call the image 0!(A) the corresponding non-exceptional class of A £ H 2 (M). Using (6.2) and 

(6.3) it is not hard to derive that 

(6.4) (P],6!(A)) = (M,A). 

Let ptu (resp. pt^) denote the single point class in H (M) (resp. H (M)) such that 

{PD M {pt M )A M \) = 1 ( res P- { PD m&m),W\) = l )- Notc that H 2n (M, E) = R[2 n ] and 
ff 2 ™(M,E) = R[u n ]. It is easily checked that 

k k 

(6.5) 0!(piM)=jrf S and £ r 2 "(-^)" = - (> £ ^^m^m) ■ 

i=l i=l 

It was proved in [Ga] and [Hu] that 

(6-6) *§U,o, m (P*; e! (7i), ■ • • , e!( 7ro )) - *lo., m (pt; 7i, ' ' ' , 7m) 
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for any A <£ H 2 {M) and 7, e H*(M), i — 1, ■ ■ ■ ,m. We here use the homology classes for 
convenience. It follows from this, (6.1) and (6.4) that 

(6.7) GW (M, 25; 9!(a ), 6!(a 00 )) < GW (M, w; a 0) 

Note that the first identity in (6.5) and (6.6) give 

(6-8) *|(A),0,m+lWM> e! (7l), ■ • • , ei( 7 m)) - *^0,m+l(P*;P*M, 7l, ' ' ' , 7m)- 

By (3.2), GWo(M,a3;p£jp PD([w])) is equal to the infimum of the 2-areas lo(A) of the 
classes A e H 2 (M) for which ^.m+i^'^M^ 1 ' " ' ' ^ ^ ^ or some classes (3i, ■ ■ ■ , m € 
H*(M;Q), /t e H*(A4o, m +i\Q) and integer m > 1. Hence it follows from (6.8) that 

(69) GWo(M,2;pt s ,PD(P])) 

< inf{ W (A) | *^ ,m+l(P*;P*M, 71, • • • , 1m) * 0}, 

where the infimum is taken for A e H 2 (M) and ji e H*(M). By (3.1) and (6.7) we obtain: 
Theorem 6.1. For any nonzero classes a^.a^ £ H*(M,Q) it holds that 

C H z(M,2;e!(a ),e!(a oo )) < GW (M, w; a , and 
C H z(M,2;pt F/ ,P/J([2])) < inf{w(A) | *^ , m +i(P*;^,7i, ■ ■ ■ ,7m) ^ 0}. 

Notice that the blow-ups of a toric manifold at its toric fixed points are also toric manifolds. 
However, the blow up of a toric Fano manifold is not necessarily Fano again. By (3.7) and 
Theorem 6.1 we get: 

Theorem 6.2. Let be a toric manifold obtained by a sequence of blowings up of a toric 
Fano manifold at toric fixed points. So G(E) = {u\, • • • , Ud} C G(E). Then for any strictly 
convex support function tp for E ( also strictly convex for T,) it holds that 

(6.10) W G (X^ < G(X £ , wpt, PDQifi])) < 2ir ■ T(E, <p). 

for every n > 2 andC = C%\, C^J . Here T(E >¥ >) is given by (1.10) and is always more 
than zero though T(E, y>) mi^/ii e</wa/ to zero in the case Xj, is not Fano. 

The fan E may be obtained from E by a sequence of regular stellar operations. For the 
Dclzant polytope A in (1.3) and a vertex p of it, let the rays p + tvi, t > 0, form the edges of 
A at p as in the definition of Delzant polytope above, we choose < s < E p (A) and replace 
the vertex p by the n vertices p + svi, i = 1, • • • , n to get a new Delzant polytope A £ . Then 
the symplectic toric manifold (M Ae , wa e ) is the symplectic e blow-up of the symplcctic toric 
manifold (Ma, wa, t a , Ma) at a fixed point q — fi A (p) of the T"-action ta. 

Corollary 6.3. Suppose that there exist r > and m G (M™)* such that r ■ (m + A) satisfies 
(1.15), i.e., Ma is Fano. T/ien /or C = Cjjz an V n>2 it holds that 

W G (M Ae ,Lu Ae ) < C(M As ,Lj As ;pt,PD([LO As })) < 2ttT(A). 

6.2. Symplectic packings in symplectic toric manifolds. We here presents a symplectic 
packing result in symplectic toric manifolds via symplectic ellipsoid of form (3.8) (see [Bi], [Gr], 
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[McP], [Ka], [Tr], [Sell] and references therein for the exposition and related results). Denote by 
Vcrt(A) the vertex set of the Delzant polytopc A in (1.3). For each p £ Vert(A) let p\, ■ ■ ■ ,p n 
be its adjacent n vertexes. If jjVert(A) > n + 1 there must exist another p' S Vert(A) and 
adjacent n vertexes p[, ■ ■ ■ ,p' n corresponding to it such that 

(6.11) (conv(p,p l7 • • ■ ,p n ))° n (convCp',^, • • • ,p' n ))° = 0. 

Hereafter S° denotes the interior of the set 5*. In this case we say that the vertexes q and 
q' are simplicially separating in A. Notice also that each conv(p,p l7 • • • ,p n ) determines a 
family of open symplectic ellipsoids E{A,p, e) := E(y / 2r p (A)i — e, • • • , ^/2r p (A)„ — e) for 
< e < E p (A). 

Theorem 6.4. // any two points of a given subset {qi, • • • , q m } C Vert(A) are simplicially 
separating in A, then for any small e > there exists a symplectic packing of (M^,^) via 
the ellipsoids E(A, q kl e), fc = 1, ■ ■ ■ , m. 

Proof. By (2.3) it suffices to prove that for any small e > there exists a symplectic 
embedding of a disjoint union of the open ellipsoids E(A,q k ,e), k = l,---,m. For each 
fc = 1, ■ ■ ■ , to, as in proof of Proposition 1.3 we have the unimodular matrixes A k € SL(n, Z) 
such that the corresponding transformations 

$ fc : (R n )* - (R™)*, x^A k x-q k , 

map q k ,Pki, - ■ ■ ,Pkn to 0, a kl e*, ■ ■ ■ , a kn e* n , k = 1,---,to, respectively. Here p kl , • • • , p kn 
are the adjacent n vertexes to q k , and a k i = r qk (A) i} i = l,---,n, and k = l,---,m. 
Now each <fr k induces a symplectomorphism A k of ((M™)* x T",o; can ) to itself that maps 
conv(<7fc,p fc i, • • • ,pkn) x T" onto conv(0, a kl e\, • • • , a kn e* n ) x T™, fc = 1, • • • ,to. Note that 

(conv(0, a kl e* l7 • • • , a kn e* n ))° = A(a kl , ■■■ , a kn ), fc = 1, • • • ,to, 

provided that (R™)* is identified with R™ by the isomorphism 

x Y e\ H h x n e* n ^ x Y e x -\ h x n e n . 

We can use Lemma 3.5 to find symplectic embeddings B k of 

E(A, q k , e) = E(^/2a kl -£,•••, \/2a kn - e) 

into (A(cifci, • • • ,a kn ) x □" (2n) , u ) and thus into (A(a k i, ■ ■ ■ ,a kn ) x T n ,w can ), k = 1, • • • , to. 
Then it is easily checked that the compositions A^ 1 o B k , k = 1,---,to, give the desired 
symplectic embeddings. □ 

Remark 6.5. Let a = (ai, • • • , a n ) be a vector of positive weights and A™ (a) := A(ai, • • • , a n ). 
Also denote by E(^/2a) := E{^/2a\, • • • , y/2a n ). The above proof actually shows that if for 
some A"(aW) C R™ = (M n )* there exist A k e SL(n,Z) and q k e (R™)*, k = 1, • • • ,m, such 
that the sets A k (A n (gS k ^)) + q k C A, k = 1,- • • , to, arc mutually disjoint, then (Ma,wa) 
admits a symplectic packing via to open ellipsoids E(y / 2a( k ^), fc = 1, • • • , to. 

Example 6.6. Consider the polygon space (Pol(a), ui a ) in Remark 1.5. Its moment polytope 
A a has vertexes: qi = (1/2,3/2), q 2 = (4/3,7/3), q 3 = (5/2,7/3), g 4 = (5/2,3/2), q 5 = 
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(4/3, 1/3), q e = (2/3, 1/3) and q 7 = (1/2, 1/2). It is easily computed that 

E(A, qi )=E(V2, ^5^2/3), E(A, g 2 ) = £(^5^2/ 3, y/f/3 ), 
E(A,g 3 )=E(y /T/3, ^ 5/3), g(A, g4 ) =^(^5/3, ^7 ^2/3), 
E(A,g 5 )=E(y j7V2/3 , y/4/3), £7(A, g 6 ) = £?( ^/iA y/yffi/3), 
E(A,q 7 )=E(^/VT0/3, V2). 

By Theorem 6.4, for any e > sufficiently small, (Pol(a) , w a ) admits the symplectic packings 
via the following groups of ellipsoids: 

{E(A, qi, e), E(A, q 3 , e),E(A, q 6 ,e)}, {E(A, q 1 ,e),E(A, q 3 , e),E(A, q 6 ,e)}, 

{E(A, q 2 ,e), E(A, q 4 , e),E(A, q 6 ,e)}, {E(A, q 2 ,e), E(A, q 4 , e),E(A, q 7 , e)}, 

{E(A, q 3 ,e), E(A, q 5 , e),E(A, q 7 , e)}, {E(A, q u e), E(A,q 4 , e),E(A, q 6 ,e)}, 
{E(A,q 2 ,e),E(A,q 5 ,e),E(A,q 7 ,e)}. 

6.3. Seshadri constants. Let (M, J) be a compact complex manifold of dimension n, and 
L^Man ample line bundle. Demailly [Dem] defined the Seshadri constant of L at a point 
x G M to be the infimum e(L,x) of J c c\ (L) / mult^C, where C takes over all irreducible curves 
passing through the point x, and mult^C is the multiplicity of C at x. The global Seshadri 
constant is defined by e{L) := inf^g m e(L, x). For the toric manifold Xs as in Theorem 1.1 let 
Lfe — > Pa be the corresponding line bundles to the toric divisors Dfc(£) in (2.5), k = 1, • • • , d. 
It is well-known that the Chern class a(Lk) is Poincare dual to [Dk] <E H 2 (X^, Z) for each k. 

Theorem 6.7 Let £ be a complete regular fan in M™. Then for any ample line bundle L — > X% 
and any strictly convex support function pl representing the class c\{L) it holds that 

(6.12) £ ( J L)<2 7 r-A(S,^ i ). 
Furthermore, if X^. is also Fano then 

(6.13) e(L)<27r-T(S, VL ). 



Proof. Recall that in Definition 1.26 of [Lu3, v9] we defined 

GW(M,w) = MGW g (M,u;pt,a), 

where the infimum is taken over all nonnegativc integers g and all homology classes a e 
i/*(M;Q) \ {0} of degree dega < dimM — 1. Using Proposition 6.3 in [BiCi] we showed in 
Theorem 1.36 of [Lu3, v9] that for a closed connected complex manifold (M, J) of dimension 
diniR M > 2 and any ample line bundle L —> M it holds that e(L) < GW(M, u>l)- Here u>l 
is any J-compatible Kahler form (the curvature form for a suitable metric connection on L) 
representing the cohomology class C\{L). From the proofs of Theorems 1.1 and 1.2 it is easily 
seen that for a toric manifold X^ and a strictly convex support ip for £ one has 

GW(1 S , ip) < 2ttA(S, ip) and GW(1 S , <p) < 2ttT(S, cp) 

in general case and Fano case respectively. □ 

6.4. Symplectic capacities of symplectic manifolds with S^-action. The symplectic 
toric manifolds are a special class of symplectic manifolds with the Hamiltonian 5 1 -action. Let 
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{A t } — X : S 1 = R/Z — > Ham(M, w) be a Hamiltonian circle action on a connected symplectic 
manifold of dimension 2n. Let H : M — > R be the Hamiltonian function for the action. It 
means that the circle action is generated by the Hamiltonian vector field Xjj. This action 
is called semi-free if it is free on M \ M s . For each fixed point p of the action there exist 
integers mi,-- - ,m n such that the induced linear symplectic S^-action on the tangent space 
T p M is isomorphic to the action on (C",w ) generated by the moment map 

n 

H (zi, ■ ■ ■ ,z n ) = tt^TOjIzjI 2 . 

The integers mi, - ■ ■ ,m n , uniquely determined up to permutation, are called the isotropy 
weights at p. An Hamiltonian ^-action on (M, uj) is semi-free if and only if the only isotropy 
weights at every fixed point are ±1. 

Theorem 6.8 Let (M,ui) be a 2n- dimensional, connected closed symplectic manifold with a 
semi-free Hamiltonian circle action with isolated fixed points. Then 

(6.14) W G (M,w) < C(M,u;pt,PD([uj})) <maxiJ-min# 

for C = Cflz, 0^^) and any n > 2, where H is the associated Hamiltonian function. More- 
over, if [to] £ H 2 (M,Q) and the only isotropy weights at every fixed point is ±1 then 

(6.15) W g (M,lo)>— . 

m 

Here m > is the smallest integer such that m[u>] £ H 2 (M,Z). 

Proof. Following the notations in [Go] let <S = {1, • • • , n}. Each subset I C «S may determine 
a homology class Ai £ H2(M) in Proposition 2.11 of [Go] such that uj(Ai) = maxiJ — H{pi^) 
with I c = S\I. By (14) in Corollary 3.14 of [Go] one has x$ * xj = xj<= ® e Al . It follows that 
Gromov-Witten invariant 

(6.16) *A,,o, 3 (pt; PD(x s ),PD(xi),PD(xj)) + 

for some J C S. Note that xg is the positive generator H 2n (M,'Z) (cf. Remark 2.10 in [Go].) 
(6.16) shows that (M,u) is strong 0-symplectic uniruled in the sense of Definition 1.14 in [Lu3, 
v9] . As in [Lul] and [Lu3] , using the the reduction formula of the Gromov-Witten invariants 
we can also derive from (6.16) that 

for some a £ ff,(M,R). So it follows from (12) and Theorem 1.13 in [Lu3, v9] that 

W G (M,w) <cP z {M,u;pt,PD([u])) 
<C%2(M,u>;pt,PD([u>])) 
<GW (M,u;pt,PD([u}])) 

< u(Ai) 

< maxiJ — H(pic) 

< max H — min H. 

(6.14) is proved. 

For the second claim, by Proposition 2.8 in [KaTo] there exists a symplectic embedding 
from (B 2n (l),uj a ) to {M,muj). So W G {M,muj) > tt. (6.15) follows. □ 
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